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discussion on the Chern-Simons effect in the 5-dimensional Maxwell-Gauss-Bonnet
gravity. After constructing the first order perturbative black brane solution, we
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provide an additional contribution to the anomalous chiral magnetic conductivity.
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2I. INTRODUCTION
According to the AdS/CFT correspondence [1–4], the gravitational theory with an asymp-
totic AdS spacetime can be reinterpreted in terms of a quantum field theory defined on its
boundary. Particularly, the fluctuations of a classical gravitational theory can be mapped
into some operators in the strongly interacting dual quantum field theory. In the last decades,
the AdS/CFT correspondence has been widely used to investigate the strongly interacting
quantum field theory, and provided important new insights to several fields such as QCD,
superconductor, hydrodynamics [5–10].
In this paper, we focus on the hydrodynamics where the AdS/CFT correspondence is used
to describe the hydrodynamic behavior of the dual quantum field theory. The hydrodynamics
can be viewed as an effective description of an interacting quantum field theory in the
long wave-length limit, i.e. the length scales under consideration are much larger than the
correlation length of the quantum field theory [7–10]. Note that, recently a more systematic
study of the hydrodynamics via AdS/CFT correspondence named as the Fluid/Gravity
correspondence has been proposed [11]. Through this systematic way, the stress-energy
tensor of the fluid was constructed order by order with the derivative expansion of the gravity
solution. Furthermore, the shear viscosity η, entropy density s, and their ratio η/s have been
also calculated from the first order stress-energy tensor [12–17], which exactly agree with
the previous hydrodynamic results obtained from the Kubo formula [7–10]. Besides the
stress-energy tensor, the Fluid/Gravity correspondence was used to investigate the charge
current of the boundary fluid by adding a Maxwell field to the gravity theory, in which
the information of the thermal conductivity and electrical conductivity were extracted [12–
15, 18–20]. It is worthwhile noticing that new effect such as anomalous vortical effect can
be brought into the hydrodynamics after adding a Chern-Simons term [13, 14, 18–20]. The
effect of Chern-Simons term was first discussed in three dimension where the Chern-Simons
term makes the Maxwell theory massive [21]. Furthermore, it was also shown that the
Chern-Simons term can affect the holographic superconductors in 4 dimension [22] and the
instability of black hole in the five-dimensional Maxwell theory [23]. One of our motivations
in this paper is to study more systematically the hydrodynamics including the Chern-Simons
effect via the Fluid/Gravity correspondence.
In order to consider the more general case, we take a Maxwell-Gauss-Bonnet (MGB)
3gravity because the Maxwell-Einstein gravity corresponds to a special case of MGB gravity.
In this background, it was shown that the shear viscosity is different from one calculated in
the Maxwell-Einstein gravity [24–32]. In this paper, we show that other transport coefficients
like the charge diffusion constant and electric conductivity also depends nontrivially on the
GB coupling. As the GB coupling increases, those transport coefficients are also increases.
In addition, we also find that the nonzero external gauge field Aextµ can provide an additional
contribution to the chiral magnetic conductivity through the anomalous Chern-Simons term.
In the previous works [13, 14, 18–20], the external gauge field was set to zero or slowly
deviated from zero.
The rest of our paper is organized as follows. In Sec. II, we perform a more general and
systematic study for effects of the Chern-Simons and Gauss-Bonnet term on the hydrody-
namics. In the Maxwell-Gauss-Bonnet gravity with the Chern-Simons term, we calculate the
several first order transport coefficients depending on the Gauss-Bonnet or Chern-Simons
coupling . In Sec. III, we finish this work with some concluding remarks.
II. THE CHERN-SIMONS EFFECT ON THE HYDRODYNAMICS VIA
ADS/CFT CORRESPONDENCE
In Refs [13, 14, 18–20], there were some discussions about the Chern-Simons effects on
the hydrodynamics. In this section, we will provide a further systematic discussion on the
Chern-Simons effects following our previous work [19].
The action of the 5-dimensional MGB gravity with Chern-Simons term is given by
I =
1
16πG
∫
M
d5x
√
−g(5) (R− 2Λ + αLGB)− 1
4g2
∫
M
d5x
√
−g(5)(F 2+4κcs
3
ǫLABCDALFABFCD),
(2.1)
and the equations of motion become
RAB − 1
2
RgAB + ΛgAB + αHAB − 1
2g2
(
FACFB
C − 1
4
gABF
2
)
= 0 , (2.2)
∇BFBA − κcsǫABCDEFBCFDE = 0,
where we have set 16πG = 1 for simplicity and α represents a GB coupling with the (length)2
dimension. The GB term LGB is
LGB = R
2 − 4RABRAB +RABCDRABCD, (2.3)
4and HAB implies
HAB = 2(RALCDR
LCD
B − 2RACBDRCD − 2RACRCB +RRAB)−
1
2
LGBgAB . (2.4)
From (2.2), the boosted black brane solution is given by [33, 34]
ds2 = −r2f(r)(uµdxµ)2 − 2uµdxµdr + r
2
ℓ2c
Pµνdx
µdxν , (2.5)
f(r) =
1
4α
(
1−
√
1− 8α(1− 2M
r4
+
Q2
r6
)
)
, (2.6)
F = −g2
√
3Q
r3
uµdx
µ ∧ dr, A = (eAextµ −
√
3gQ
r2
uµ)dx
µ,
with
ℓc =
√
1 + U
2
, U =
√
1− 8α, uv = 1√
1− β2i
, ui =
βi√
1− β2i
, Pµν = ηµν + uµuν, (2.7)
where βi, M , and Q mean the velocity, black brane mass, and charge respectively and
xµ = (v, xi) denote the boundary coordinates. Pµν corresponds to the projector onto spatial
directions and the boundary indices can be raised and lowered by the Minkowski metric ηµν .
The outer horizon r+ is located at the largest root satisfying 1− 2Mr4 + Q
2
r6
= 0. Notice that
α should be smaller than 1/8 from the definition of U . If not, the black brane factor in (2.6)
becomes a complex number at the boundary. It is also worth noting that the AdS radius
ℓc depends on the GB coupling α. The usual AdS radius, if we turn off the GB term, is
given by 1. For α > 0, the AdS radius ℓc becomes smaller than 1, which implies that the
t’ Hooft coupling λ of the dual gauge theory decreases according to the following relation
ℓ2c = α
′√4πλ. On the contrary, if α < 0, the t’ Hooft coupling increases. Therefore, it is
interesting to study the dependence of various transport coefficients on the t’ Hooft coupling.
Using the same method in Refs [11–19], we can define the following tensors
WIJ = RIJ + 4gIJ +
1
6
αLGBgIJ + αHIJ +
1
2g2
(
FIKF
K
J +
1
6
gIJF
2
)
, (2.8)
WA = ∇BFBA − κcsǫABCDEFBCFDE . (2.9)
When we take the parameters βi, M , Q and Aextµ as functions of x
µ in (2.5), WIJ and WA
become nonzero values proportional to the derivatives of the parameters. From now on, we
just focus on the case where these nonzero WIJ and WA are small and can be treated as the
fluctuations around the background. In the perturbative expansion, these nonzero terms
5can be considered as the source terms, SIJ and SA, of the next order equations. In order
to satisfy the gravitational and Maxwell equations even at the higher orders some extra
gravitational and Maxwell field fluctuations must be added into (2.5). In more details, let
us expand the parameters around xµ = 0 up to the first order
βi = ∂µβi|xµ=0xµ, M =M(0) + ∂µM |xµ=0xµ, Q = Q(0) + ∂µQ|xµ=0xµ,
Aextµ = A
ext
µ (0) + ∂νA
ext
µ |xµ=0xν , (2.10)
where we have assumed βi(0) = 0. Inserting the metric (2.5) and (2.10) into WIJ and WA
does not make WIJ and WA zero, so the rest of −WIJ and −WA should be considered as
the source terms S
(1)
IJ and S
(1)
A of the first order perturbation. After fixing some gauge (the
‘background field’ gauge in [11])
Grr = 0, Grµ ∝ uµ, T r((G(0))−1G(1)) = 0, (2.11)
and imposing the spatial SO(3) symmetry which is also preserved in the background met-
ric (2.5), the first order gravitational and Maxwell field fluctuations around xµ = 0 can have
the following form
ds(1)
2
=
k(r)
r2
dv2 + 2h(r)dvdr + 2
ji(r)
r2
dvdxi +
r2
ℓ2c
(
αij − 2
3
h(r)δij
)
dxidxj, (2.12)
A(1) = av(r)dv + ai(r)dx
i . (2.13)
Note that ar(r) in the gauge field fluctuations does not contribute to field strength, thus
the following gauge fixing ar(r) = 0 is natural. As a result, solutions of the first order
perturbation can be obtained from the vanishing WIJ = (effect from correction)− S(1)IJ and
WA = (effect from correction)−S(1)A . Here, the ‘effect from correction’ means the correction
to WIJ and WA from (2.12) and (2.13).
Since the Chern-Simons term does not affect the gravitational equations in (2.8), the first
order gravitational equations are the same as the case without Chern-Siomns term. These
first order gravitational equationsWIJ = 0 are complicated, which have been already written
in the Appendix A in Ref [19] explicitly. We will not list these gravitational equations here
6again. However, the first order Maxwell equations become
Wv =
f(r)
r
{
r3av
′(r) + 4
√
3gQh(r)
}′
− S(1)v (r) = 0 , (2.14)
Wr = − 1
r3
{
r3av
′(r) + 4
√
3gQh(r)
}′
− S(1)r (r) = 0 ,
Wi =
1
r
{
r3f(r)ai
′(r)− 2
√
3gQ
r4
ji(r)
}′
− S(1)i (r) = 0 ,
where
S(1)v (r) = g
2
√
3
r3
(∂vQ +Q∂iβi) ,
S(1)r (r) = 0,
S(1)x (r) = g
(
−
√
3
r3
(∂xQ +Q∂vβx)− 1
r
e
g
F extvx
)
− κcs16gℓcQ
r6
(√
3er2F extzy − 3gQ∂zβy + 3gQ∂yβz
)
.
(2.15)
and F extvi ≡ ∂vAexti − ∂iAextv is the external field strength tensor. In the above, the prime
means derivative with respect to r. Compared with the case without Chern-Simons term,
the Chern-Simons term affects the first order perturbative equations just through S
(1)
i (r).
Note that we write down only the x component in (2.15) because the other components, y
and z, can be easily obtained from the cyclic permutation of indices.
By solving all the first order perturbative equations, the undetermined functions in (2.12)
and (2.13) are fixed to
h(r) = 0, k(r) =
2
3
r3∂iβ
i, av(r) = 0, (2.16)
αij = α(r)
{
(∂iβj + ∂jβi)− 2
3
δij∂kβ
k
}
,
where α(r) and its asymptotic expression are
α(r) =
∫ r
∞
s3 − 2αs2[s2f(s)]′ − (r3+ − 2αr2+(r2f)′|r+)
−s+ 2α[s2f(s)]′
1
s4f(s)
ds
≈ ℓ
2
c
r
− 1
r4
α(r6+ + 12Q
2α− 16Mr2+α)
r3+(1−
√
1− 8α)√1− 8α +O(
1
r
)5, (2.17)
and we used the same frame and conditions as [11, 19], (i.e., Landau frame, asymptotical
AdS boundary condition and renormalization condition). At the first order perturbation,
7the equations Wi = 0 and Wri = 0 are explicitly written as
r
2
(
j′i(r)
r3
)′
−
√
3Q
gr3
a′i(r) +
8αji(r)f
′(r)
r3
+
6αj′i(r)f(r)
r3
− 2αj
′
i(r)f
′(r)
r2
− 2αj
′′
i (r)f(r)
r2
= S
(1)
ri (r),(
r3f(r)a′i(r)−
2
√
3gQ
r4
ji(r)
)′
= rS
(1)
i (r). (2.18)
Since we concentrate only on the first order perturbation we drop, for convenience, the
superscript (1) in S
(1)
ri (r) and S
(1)
i (r) from now on. After some algebra, the second order
differential equation of ji(r) reduces to [12]
ji
′′(r)− (3
r
− 4αf
′(r)
−1 + 4αf(r))j
′
i(r)− (
−12Q2 + 16r7αf(r)f ′(r)
r8f(r)(−1 + 4αf(r)) )ji(r) = ζi(r), (2.19)
where
ζi(r) ≡
(− 12Q2
r4f(r)
ji (r+)
r4+
+ 2r2Sri(r) +
2
√
3Q
gr4f(r)
∫ r
r+
dxxSi(x))/(1− 4αf(r)). (2.20)
This is the same as one without Chern-Simons term (see the appendix B in Ref [19]) except
the different Si(r). Note that ζi(r) in (2.20) has the same divergence as one without Chern-
Simons term, which provide the same contribution to b2(r) in (B5) of [19] as r goes to
infinity. Thus, 3x2(2− 1/ℓ2c)∂vβi should be added to cancel this divergence. In other words,
following the Ref [19], the exact form of ji(r) becomes
ji(r) = −r4f(r)
∫ ∞
r
dxxf(x)(1− 4αf(x))ζi(x)
∫ ∞
x
dy
y5f(y)2(1− 4αf(y))
+r4f(r)
(∫ ∞
r
dx
x5f(x)2(1− 4αf(x))
)(
r3(2− 1
ℓ2c
)∂vβi
+
∫ ∞
r
dx
[
xf(x)(1 − 4αf(x))ζi(x) + 3x2(2− 1
ℓ2c
)∂vβi
])
. (2.21)
After inserting Si(r) in (2.15) into (2.21), the asymptotic behavior of ji(r) can be represented
as
jx(r) ≈ r3∂vβx − 8
√
3Qα
5r(−1 + 8α+√1− 8α)
e
g
F extvx +
4α
r2(−1 + 8α +√1− 8α)(
−Q2 jx (r+)
r4+
− Q
2r+
(∂xQ +Q∂vβx) +
r+Q
2
√
3
e
g
F extvx
)
+
4
√
2α
√√
1− 8α + 1κcs
r2(1− 8α−√1− 8α)
(
Q3g
√
3
r4+
(∂yβz − ∂zβy) + 2Q
2e
r2+
F extzy )
)
. (2.22)
8Near the outer horizon r+, ji(r+) is approximately
jx (r+)
r4+
≈
2
(
2r6+ +Q
2
)
∂vβx −Q (∂xQ+Q∂vβx)−
√
3r2+Q
e
g
F extvx
8Mr3+
+ κcs
2
√
3Q3gℓc(∂zβy − ∂yβz)− 3r2+Q2eℓc(F extzy )
2Mr6+
, (2.23)
where the relationship between ℓc and α in (2.7) has been used. Here, the Chern-Simons ef-
fects proportional to κcs are included in the last terms in (2.22) and (2.23). After integrating
the second equation in (2.18) from r = r+ to r, we can get
r3f(r)a′i(r)− 2
√
3gQ
(
ji(r)
r4
− ji (r+)
r4+
)
=
∫ r
r+
dxxSi(x). (2.24)
Integrating this one more time from r to ∞, we finally obtain
ai(r) =
∫ r
∞
dx
1
x3f(x)
(
2
√
3gQ(
ji(x)
x4
− ji(r+)
r4+
) +
∫ x
r+
dyySi(y)
)
, (2.25)
where the fact that ai(r) vanishes at infinity was used. From this integral the asymptotic
behavior of ai(r), especially x-component, reduces to
ax(r) ≈ ℓ
2
c
r
eF extvx +
ℓ2c
r2
(√
3gQ
jx (r+)
r4+
+
√
3g
2r+
(∂xQ+Q∂vβx)− r+
2
eF extvx
)
(2.26)
+
κcsℓ
3
c
r2
(
−6g2Q2(∂zβy − ∂yβz)
r4+
+
4
√
3geQF extzy
r2+
)
.
These asymptotic behaviors of ji(r) and ai(r) are sufficient for evaluating the dual stress
tensor and charge current at the boundary.
Now, we investigate the first order hydrodynamics of the dual conformal field theory
via AdS/CFT correspondence. Following the same procedure in Ref [19], the first order
perturbative black brane solution determines the first order stress tensor of the dual fluid
τµν [35]
τµν =
1
16πG
[
2M
ℓ3c
(ηµν + 4uµuν)− 2r
2
+(r+ − 8πTα)
ℓ3c
σµν ] = P (ηµν + 4uµuν)− 2ησµν , (2.27)
where the counter term method was used [36–40]. The Hawking temperature is given by
T =
(r2f(r))′
4π
|r=r+ =
1
2πr3+
(4M − 3Q
2
r2+
), (2.28)
and the pressure and viscosity are read off
P =
M
8πGℓ3c
, η =
r2+(r+ − 8πTα)
16πGℓ3c
, (2.29)
9where 16πG is temporally recovered for more convenient comparison. As we expected, the
Chern-Simons term does not affect the transport coefficients related to the metric fluctua-
tions.
Next, we consider the Chern-Simons effect on the current of the dual conformal field
theory. At the first order perturbation, the charge current including the Chern-Simons
effect is given by
Jµ = lim
r→∞
r4
ℓ4c
1√−γ
δScl
δA˜µ
= lim
r→∞
r4
ℓ4c
N
g2
(F rµ +
4κcs
3
ǫrµρστAρFστ ) , (2.30)
where A˜µ is the gauge field projected to the boundary. After some complicate but direct
algebras, the current near the zero point xµ = 0 is given by
Jµ = Jµ(0) + J
µ
(1), (2.31)
Jv(1) = κcs
8e2
3g2
(
F extzy A
ext
x (0) + F
ext
xz A
ext
y (0) + F
ext
yx A
ext
z (0)
)
,
Jx(1) =
1
glc
{
−2
√
3Q
jx(r+)
r4+
−
√
3∂xQ
r+
+
er+F
ext
vx
g
−
√
3Q
r+
∂vβx
}
+κcs
(
8e2
3g2
(F extyz A
ext
v (0) + F
ext
zv A
ext
y (0) + F
ext
vy A
ext
z (0))−
8
√
3eF extzy Q
gr2+
+
12Q2
r4+
(∂zβy − ∂yβz)
)
=
1
glc
{
−
√
3Q(2r6+ +Q
2)
2Mr3+
∂vβx + (
2
√
3Q2
8Mr3+
−
√
3
r+
)(∂xQ+Q∂vβx)
+(
3eQ2
4gMr+
+
er+
g
)F extvx
}
+ κcs
(
(
−6Q4
r6+M
+
12Q2
r4+
)(∂zβy − ∂yβz)
+(
3
√
3eQ3
gMr4+
− 8
√
3eQ
gr2+
)F extzy +
8e2
3g2
(F extyz A
ext
v (0) + F
ext
zv A
ext
y (0) + F
ext
vy A
ext
z (0))
)
=
1
gℓc
{
−2
√
3Q
jβ (r+)
r4+
∂vβx +
(
−2
√
3Q
jQ (r+)
r4+
−
√
3
r+
)
(∂xQ+Q∂vβx)
+
(
−2
√
3Q
jF (r+)
r4+
+
e
g
r+
)
F extvx
}
+ κcs
(
−
√
3eQF extzy
gMr4+
(Q2 + 4r6+) +
6Q2
M
(∂zβy − ∂yβz)
+
8e2
3g2
(F extyz A
ext
v (0) + F
ext
zv A
ext
y (0) + F
ext
vy A
ext
z (0))
)
, (2.32)
where (2.23) has been used and the zeroth order boundary current is
Jµ(0) =
2
√
3Q
gℓ3c
uµ := nuµ. (2.33)
10
jβ(r+), jQ(r+), and jF (r+) are values of each function at the horizon
jβ (r+)
r4+
=
2
(
2r6+ +Q
2
)
8Mr3+
,
jQ (r+)
r4+
= − Q
8Mr3+
,
jF (r+)
r4+
= −e
g
√
3Q
8Mr+
. (2.34)
Here we explicitly present jF,Q,β(r+) just for the convenient comparison with results without
Chern-Simons term.
Following the procedure discussed in Ref [11], the global current defined on the whole
boundary can be obtained by rewriting (2.32) as a covariant form like ∂vβi → uv∂vuµ. As a
result, the first order global charge current can be represented as
Jµ(1) = −κP µν∂ν(
µ
T
) + σEE
µ + σBB
µ + ξωµ + ℓǫµνρσF extρσ A
ext
ν , (2.35)
where
κ =
π2T 3r7+
4g2M2ℓc
, σE =
π2e2T 2r7+
4g2M2ℓc
, σB = −
√
3κcseQ(3r
4
+ + 2M)
gMr2+
, ξ =
6κcsQ
2
M
,
ℓ =
4κcse
2
3g2
, Eµ = uλF extλ
µ, Bµ =
1
2
ǫµνρσuνF
ext
ρσ , ω
µ = ǫµνρσuν∂ρuσ, (2.36)
and the chemical potential µ is defined as [12, 13]
µ = Av(r+)−Av(∞) . (2.37)
Following the same discussions in Refs [12, 19], we can find that its first order expression
becomes
µ =
√
3gQ(x)
r2+(x)
, (2.38)
where Q and r+ are functions of coordinates. After setting 16πG = 1 and taking appropriate
values for g and e, we can obtain the transport coefficients σB and ξ consistent with the
results in [13, 14, 18]. In this case, the definition of chemical potential (2.37) is coincident
with the thermodynamic relation µ = (∂ǫ/∂n)s because the first law of thermodynamics
dǫ = Tds + µdn is satisfied with ǫ = 3M
8πGl3c
, s =
r3
+
4Gl3c
, T = 1
2πr3
+
(4M − 3Q2
r2
+
), µ =
√
3gQ
r2
+
, and
n = 2
√
3Q
gℓ3
c
.
In the charge current (2.35), the first interesting thing is to find out the dependence of the
Gauss-Bonnet coupling α for the comparison with the Einstein case α = 0. We can easily
see that the charge diffusion constant κ and electric conductivity σE depend only on α,
while the other three coefficients σB , ξ and l are related to Chern-Simons term. Remember
11
that the GB coefficient α should be smaller than 1/8. Especially for small α, the diffusion
constant and the electric conductivity can be represented as the perturbative form
κ =
π2T 3r7+
4g2M2
(
1 + α +O(α2)
)
,
σE =
π2e2T 2r7+
4g2M2
(
1 + α +O(α2)
)
. (2.39)
From these, we can see that the diffusion constant and the electric conductivity decrease
with the t’ Hooft coupling because it decreases as α increases.
In the charge current (2.35), there are three transport coefficients related to the Chern-
Simons term. The coefficients of two terms, σB and ξ, represent the chiral magnetic con-
ductivity and chiral vortical effect respectively, which were widely investigated by many
authors [13, 14, 18–20, 41–45]. The remaining coefficient l of the last term in (2.35) was
discussed in the STU black brane background [20]. Following [20], this term does not con-
tribute the first order hydrodynamic transport coefficients but generate the second order
one. In this paper, we will show that the last term can provide an additional effect to
the first order hydrodynamic coefficient. From now on, we call this term a new term for
emphasizing the new effect on the first order hydrodynamic coefficient, especially the chiral
magnetic conductivity.
The new term is gauge-dependent like the gauge-dependent topological gluon current
[41, 42]. However, its divergence still preserves the U(1) gauge invariance and is proportional
to EµextB
ext
µ . This new term as well as other two anomalous terms related to ω
µ and Bµ,
which are related to the nontrivial topological gluon configuration for QCD [41], break the
charge current conservation. It is worth noticing that in the two flavor case the addition of
the so-called Bardeen counter term makes the vector current conserved but the axial current
is not still conserved [20]. To understand an additional effect of the new term, we need to
generalize our one flavor model to the two flavor case by adding an additional U(1) gauge
field [46]. In this case, only the change of the background geometry is the replacement of
the black brane charge in (2.6), Q2 → 2Q2 where 2 means the number of flavor [46]. After
adding the Bardeen term [20, 43] or extra Chern-Simons current [44] to the generalized
two flavor model, we can easily prove the vector current conservation at the leading order.
Furthermore, if we also take into account the higher gradient corrections of the Bardeen term
which were not considered in [20], the vector current conservation law is preserved even at
the higher order perturbations regardless of the boundary value of the axial vector field. In
12
spite of the Bardeen term the axial current conservation still remain broken. In that sense,
the new term we considered provides an additional effect only to the axial current, which
implies that the chiral magnetic conductivity of the axial current can be different from that
of the vector current by this additional effect.
To understand that the new term can provide an additional contribution to the axial
magnetic conductivity at the first order perturbation, we take Aextv to be a non-zero value
at the origin (xµ = 0). In the previous works [13, 14, 18–20], A
ext
µ is zero at the origin and
slowly deviated from it near the origin. In the holographic model [45, 46], the non-zero Aextv
corresponds to the chemical potential of the dual field theory, which plays an important role
to investigate the thermodynamics of the dual gauge theory. In the case of the non-zero
Aextµ , the axial current J
µ
(1) can be simplified to
Jµ(1) = −κP µν∂ν
µ
T
+ σEu
λF extλ
µ + σBB
µ + ξωµ, (2.40)
which is the same form as the vector current [19]. Only the difference of the axial current
from the vector one comes from the chiral magnetic conductivity. If we set Aextµ = {C, 0, 0, 0},
the chiral magnetic conductivity of the axial current is given by
σB =
√
3κcseQ(3r
4
+ + 2M)
gMr2+
+ 2ℓC, (2.41)
where the last term is the additional contribution from the new term. This result is consistent
with that in [45] where the anomalous magnetic conductivity was discussed by using the
Kubo formula.
III. CONCLUSION AND DISCUSSION
In this paper, we considered the first order pertubative black brane solution in the
Maxwell-Gauss-Bonnet gravity and extracted, following the Gauge/Fluid correspondence,
the hydrodynamic informations of the dual conformal field theory such as the stress tensor
and charge current. Especially, we systematically investigated the Gauss-Bonnet and the
Chern-Simons effects on the first order hydrodynamics.
Interestingly, the asymptotic geometry of the Gauss-Bonnet gravity still remains as the
AdS space with a different AdS radius, which implies that the dual gauge theory is another
conformal theory with a different ’t Hooft coupling. Although the stress tensor has the
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same form as that without the Chern-Simons term [19], we showed that the hydrodynamic
coefficients corresponding to the diffusion constant and electric conductivity crucially depend
on the Gauss-Bonnet coupling α. In the dual gauge theory point of view, the α dependence of
these hydrodynamic coefficients showed that they increase with α. In other words, since the
’t Hooft coupling decreases with α, the charge diffusion constant and electric conductivity
decrease as the ’t Hooft coupling increases. In addition, we also studied the Chern-Simons
effect on the hydrodynamic transport coefficients. We found that if the time-component of
the external field Aextµ does not vanish, the new term related to the axial charge current
can provides an additional effect to the chiral magnetic conductivity. This is consistent
with the result obtained by the different way, so called the Kubo’s formula [45]. This result
indicate that the chiral magnetic conductivity of the axial current can be different from that
of the vector current. So, it would be very interesting to check this difference through the
experiments.
Related to the new anomalous term of the axial current, it is also interesting to take
into account a general Aextµ (x) because it may also provide the extra unexpected effects to
the hydrodynamic transport coefficients. However, it should be noticed that we are careful
when choosing Aextµ (x) because there is a restriction from the Landau frame uµJ
µ
(1) = 0.
The effects and underlying physics related to this new term with the general ansatz are still
unclear. Therefore, it seems to be important to investigate their effects in depth like the
other two anomalous terms ωµ and Bµ. We will leave these issues as the future works.
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